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Abstract 

We study a coisometry that intertwines Popescu's presentations of minimal isometric 
dilations of a given operator tuple and of a coisometric lifting of the tuple. Using this we 
develop an outgoing Cuntz scattering system which gives rise to an input-output formalism. 
A transfer function is introduced for the system. We also compare the transfer function 
and the characteristic function for the associated lifting. 
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1 Introduction 

The model of repeated interaction between quantum systems has been recently studied in [6] 
and an outgoing Cuntz scattering system was associated to the model. In [3] the authors gave 
a vast generalization of the Gohm's repeated interaction model using the theory of liftings of 
row contractions. We recall that in the generalized repeated interaction model of [4] we have 
the following operator theoretic data: 

Let T-L and K, be complex separable Hilbert spaces such that % be a subspace of H and 
be a distinguished unit vector of /C. Let V be a (i-dimensional Hilbert space with an 
orthonormal basis {ej}j =1 , and U : % ® JC — >■ % <8> V and U :'H®K — yHtSiV be two unitaries 
such that 

U(h ® tt K ) = U(h <g> U K ) for each h G H. (1.1) 
The unitary U:'H®K^'H®V can be decomposed as 

d 

U{h ®n K ) = Y^ E*h O ej for each h€H, 

3=1 
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where ESs are some operators in B(T~L), for j = 1, . . . , d. Likewise there exist some operators 
Cj's in B(%) such that 

d 

U(h ®n K ) = J2 C*h ® e,j for each heH. 

3=1 

Observe that Ylj=i^j^j = ^ an< ^ Yl^i^jCj = i- e -! ^ an d *2 are coisometric tuples. 
Then equation (jl.ip yields that = Cjh for each h & H, i.e., the tuple i£ is a lifting (cf. [3]) 
of the tuple C_. In this article we proceed in the opposite way, viz. we start with coisometric 
(i-tuples E = (Ei, . . . , Ed) and C_ = (C\, . . . , Cd) such that the tuple E is a lifting of the tuple 
C_, then associate a pair of unitaries to it but satisfying similar relations as above and then 
study the model. 

The article is organized as follows: After associating a pair of unitaries to a given coisometric 
lifting as stated above, we identify a coisometry which intertwines corresponding minimal 
isometric dilations in section 2. We investigate the properties of this coisometry and express 
it as a limit of certain compositions of these unitaries. The Cuntz scattering system was 
introduced in [2] using the generalization of Lax-Phillips scattering system to a multivariate 
operator setting. In section 3 we study the forward part of a Cuntz scattering system which 
is called as an outgoing Cuntz scattering system in [2]. Let A denote the free semi group with 
generators 1, . . . ,d. Using an input-output formalism we define a colligation of operators [2j 
which gives rise to a A-linear system Y2uu~ ^ n application of the generalized Fourier transform 
to the A-linear system Yluu un der zero initial condition leads to the input-output relation 

y( z ) = Q u,u^ z ) 

between the Fourier transforms of input and output variables where 0^ jj is the transfer func- 
tion of the system. These transfer functions are multi-analytic operators. There are other 
approaches to transfer functions in |12] and [5]. 

Popescu introduced the characteristic function in [8] of a row contraction, and system- 
atically developed an extensive theory of row contractions (cf. [9], |1U|). We use some of 
the concepts from Popescu's theory in this work. In [3] Dey and Gohm described a class of 
multi-analytic operators which classify certain class of liftings and called them characteristic 
functions for liftings. We find a relation between the transfer function and the characteristic 
function for the associated lifting. 

The following multi-index notation will be used frequently in this article. Suppose Ti, . . . , £ 
B(C) for a Hilbert space C. If a 6 A is a word ol\ . . . a n with length \a\ = n where each 
ctj G {1, ... ,d}, then T a denotes T ai . . .T an . For the empty word we define |0| = and 
T0 = /. The full Fock space over C d denoted by F is the Hilbert space 

r : = c e c d e (c d f 2 e . . . e {c d )® m e . . . . 

The element 1 © . . . of T is called the vacuum vector. Let {e±, . . . , ed] be the standard 
orthonormal basis of C d . For a = a\ . . . a m E A, e a will denote the vector e ai <g> . . .®e am in the 
full Fock space V and e$ will denote the vacuum vector. {e a : a S A} forms an orthonormal 
basis of the full Fock space. 

2 Unitaries Associated to a Coisometric Lifting 

In this section we construct a coisometry associated to a coisometric lifting which plays an 
important role in this article. For simplicity we assume that d is finite throughout this article 
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but all the results here can be derived also for d = oo. A tuple T = (T±, . . . , Tj) of bounded 
linear operators on a Hilbert space C is said to be a row contraction if Y2j=x TjT? < /. In 
particular if Ylj=x TjT* = I, then the tuple T = (7\, . . . , Td) is called a coisometric. If Tj's are 
isometries with orthogonal ranges, then the tuple T = (T\, . . . , Tj) is called a row isometry. 
Consider a row contraction T as a row operator from Q)f£ to C. Define Dt ■= (I — T*T)z ; 
©i£ — > ©f/2 and := Range Dt- The (left) creation operators Lj's on T are defined 

by LjX = e,- ® x for 1 < j ; < d and x € T. The tuple L = (L l3 . . . , Lj) is a row isometry. 
Popescu in [7] gave the following explicit presentation of the minimal isometric dilation of T 
by V on t = C ffi (r ® £> T ) : 

V5(£ E e a ® d„) = Tj£ ffi [e ® + ej ® E e a ® da] (2.1) 

where £ <E £, d a £ T>t, and (Dt)] '■ £■ — > ©i £ is defined for j = 1, ... ,d by the (Dt)jI = 
Dt(0, ...,£,..., 0) with £ is embedded at the component. If in addition T is the coisometric 
tuple, then j£ is also the coisometric tuple. 

Let C_ = (C\, . . . , Cd) be a coisometric tuple on a Hilbert space He, E = (Ex, . . . , Ed) be 
a coisometric lifting of C_ = (C\, . . . , Cd) on a Hilbert space % D %c and 

for j = 1, . . . , <i with respect to the decomposition He = Hq®Hq. Prom now on we denote "H^ 
by Ha- Let = (Vf , . . . , V/') and F = (Vf , . . . , V^p) be minimal isometric dilations of the 
form given by equation (|2.ip for tuples E and C on Hilbert spaces = (r ffi T> E ) and 

He = Hcffi(r®Pc) respectively. Let V be a d-dimensional Hilbert space with an orthonormal 
basis {ex,..., e d }- We define operators U :H C @V C ^ H c ®V andU :H E @V E ^ H E ®V 
as follows: 

d d 
U(h®y) := ^(C*/i + (D c )*y) ® = J^(Vf )*(/> ffi e ffi y) ® Cj , 
i=i i=l 

d d 
U(h ® 77) := ^2(E*h + (D E )*jf]) ® £j = ^(^)*(/i ® e ® 77) ® £j 

where h G %c>) V 6 £>C) ^ £ He, and 77 € Pg. 

We show that U and f7 are unitaries. From the fact that V_ = {V{ , . . . , V^p) is a coiso- 
metric tuple, it follows that U is an isometry. We claim that U is a surjective map. For 
Ej=l ® £j G ® ^ 

d d 
j=X i=l 

d 

= E^'® c j 
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where the last equality uses 

~ -CtC, if i / ./: 



(Dc)*(Dc) 



I - C*Cj if i = j. 



Thus U is unitary. Similarly it can be shown that U is also unitary. 

For the main theorem of this section, we need to introduce some operators. Let us define 
Ui : H c -> H C © V © ( ((C d )® m © by the formula 

m>l 

I7i(& © Y e « ® f«) = S (( C J^ + ® e i) © E e « ® fa ( 2 - 3 ) 

aeA i =1 |a|>l 

where /t G and y a G X>c- F° r eacn n > 2, let 

Un:Uc®V { i,n-i]®{ ((Cr ra ®D C ))^W c ®P M e(0((C rf r^ C )) 

m>n— 1 m>n 

be defined for //,. ,., G %c and y^...^, y a G £>c by 



17, 



( £ (^■i...i„-i®eji®---®ej n -i) 

Jl,-,in-l=l 

d V 

© Y ( e h ® • • • ® ej n _j © J/ii...j„_i) © ^ e « ® f« ) 

Ji,-Jn-i=l |a|>n 

d 

= S ((Cl^i-Jn-i + {P c )* jn y h ...j n J © © . . . © e jn ) © e a © y a . (2.4) 

Ji,...,jn=l |a|>n 

It can be seen that is unitary for each n > 1, with the suitable modifications of the 
arguments which are used in proving U is unitary. 

Similarly, we define the unitary operator Ui : H E He © V ® ( 0((C d )® m © V E )) by 

m>l 

the following formula 

d 

U^h © ^ e a © r/ Q ) = ^ + (D E )* m ) © © ^ e Q © r/ a (2.5) 

aeA i =1 |a|>l 

where h £ He and ^ G For each n > 2, define the unitary 

t4:7^©7V-i]©( ((Cr m ®%))^^^[i,n]e(0((Cr m ®%)) 

m>n— 1 m>n 

for h h-j n -i e ^£ and Vji...j n -ii Va G by 

, d 

£4 ( ^ ( h h-jn-i © ej! © • • • © e in _ 1 ) 

jl,-Jn-l = l 

d V 

© Yl ( e ii ® ■ ■ ■ ® e in-i ® '/./,..,/, i ' ® Y ea ® Vaj 
ji,—,jn-i=l |a|>n 
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d 

E (( E t h h...Jn-i + (D E )* jn r]j 1 ...j n _ 1 ) © e h ® ... © e Jn ) e Q © ry a . (2.6) 

Jir-jn=l |a|>n 



Since E_ is a lifting of C, £"*/i = C?/i for each h € He- It follows from equations (|2.3p . 
(H3D, and (USD that 

j/i/j = [/i/i and £7 n (/i © e h © . . . © e in _J = C7 n (ft © © . . . © e in _ 1 ) (2.7) 

for each /i € 1 < jl, ■ ■ ■ ,jn-i < ^> an d n > 2. For each ra > 1, let Qn denote the 

orthogonal projection of He on to He © ( ((C d )® © T>c)), and let P n denote the 

m<n— 1 

orthogonal projection oiH E ® V[i, n ] © ( ((C d )® m © £> B )) on to He © P[i, n] . 

We are now ready to prove the main result of this section. 

Theorem 2.1. If P n and Q n are the orthogonal projections as defined above for each n > 1, 
then 

sot - lim UT... U*P n U n ...Ui. 

exists. This limit is a coisometry, say W : He —> He- Its adjoint W* : He — » He is given by 

sot - lim Ul ... U*U n . . . UiQ n 

n— >oo 

Here sot denotes for the strong operator topology. 

Proof. Let us begin by the dense linear manifold [J (h c © ( ((C d )® m © V c )) J of H C - 

l>\ ^ m<l-l ' 

Assume h & H and y a G X>c f° r all a G A such that |a| < k — 1, for some positive integer k. 
We show that 

lim U{... U*U n . . . UiQ n (h © V e a © j/ a ) 

|a|<fc-l 

exists. For each n > 1, set s n = U* . . .U*U n . . . U\Q n (h © e Q © y^j . It follows from 

|a|<fc-l 

equation (|2.7|) that = Sk+j for each j > 1. Thus 

lim Ut...U*U n ...UxQ n [h® > j 

n— >oo V * — • / 

|a]<fc-l 

exists and it is s&. We observe that 

* rr I" T X \ / 7 „ X * „ \ II II 



| lim ...U*U n ...U l Q n (h® V e a © y a 

n— >oo \ ii — » 

|«|<fc-l 

\Ui...U£U k ...U 1 Q k (h® Yl e °®y« 

|a|<fc-l 



e a © y c 

|a|<fc-l 

\h® e a ©y a ||. 



|a|<fe-l 
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Hence sot— hm U l . . . U n U n . . . U\Q n defines an isometry on the dense linear manifold I I ( Tied 

1>1 v 

( ((C d )® m <8> T^c)) ) of He- By continuity, it extends to an isometry R from He to 

m<l-l ' 

Its adjoint i?* -."He — > 'He* is a coisomerty and so just need to rename i?* as If. 

Let h £ He and rj a € T>e for all a € A such that |a| < k — 1, for some positive integer fc. 
Let n> k, h £ He and G £> c for all /3 G A, < n — 1. Then 

|a|<fc-l \P\<n-l 

= (h® Y e «®^> u * ■■■u*u n ...u 1 Q n (k® Y e P®yp)) 

|a|<fc-l \P\<n-l 

= (uz...u*p n u n ...u 1 (h® Y e *®va), he Y e P®yp)- 

|a|<fe-l |/3|<Ti— 1 

It follows from the above calculations that 

Q n W(h® Y e a ®r] a ) =Ut...U^P n U n ...U 1 (h® Y e «®^)- 

|a|<fe-l |a|<fe-l 

By the fact that sot — lim Q n = I, we conclude that 

n— >oo 

W(h® V e a <g> ?7 Q ) = lim f/j* . . . U*P n U n ...UAh® V e Q <g> 77J . 

* — ' n— >oo " * — ' 

|a|<fc-l |a|<fe-l 

Finally, we extend this formula to the whole of He by continuity. □ 

The following result shows that the coisometry W and its adjoint W * intertwine the tuples 
V E and V C . 

Proposition 2.2. For j = 1, . . . ,d, WVf = VfW and VfW* = W*Vf . 

Proof. Let h G He and r] a G T>e for all a G A such that ^2 aeA ll^oll 2 < 00 • Suppose /i G %c 
and yp G Pc for all fi G A such that |/3| < n — 1, for some positive integer n. Then 

(WVf(h® Y ea ®Vc), h® Y e e®yp) 

a€A \P\<n-l 

= (vf(h®Y e *® r ia), w*(h® Y e P®Vp)) 

aeA \P\<n-l 

= {E j h + e q) ®{D E )jh + e j ®Y e »® 1 l^ U{ . . . U*U n ...Ui(h® Y e P®yp)) 

oGA \P\<n-l 
— d 



oGA 



1=1 



^ ep®yp)) 



K\P\<n-l 
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d 

= ((h®e j ®e j ® 5^eo®r/ a ), E/ 2 * . . . U*U n . . . U 2 ( ^({Cfh + {D c )*m) ® 
l<|/3|<n-l 

= (/le^e^T^, C/*_ 1 C/ n _i...f7i(C;/ i + (Dc)>0eL*®/( ^ e^^))) 

«GA l<|/9|<n-l 

= </ie^ e «®^> w*(vfy(h(B Y e v®yp)) 

aeA \P\<n-l 

= (VfW(h@^2e a ®r} a ), h@ Y e P®yp)- 

qGA \P\<n-l 

Thus WVf = VfW for j = 1, . . . , d. 

W*Vf(h® Y e *®ya) = W*UZ(h®e j ®e j <g) Y e a <g> y a ) 

|a|<n— 1 [a|<n— 1 

= Ul...Ul +1 U n+1 ...U 1 Ul{h®e j ®e j ® Y e a ®y a ) 

\a\<n—l 

= UZU%..M* +l U n+l ...U 2 [h®e j ®e j ® Y e a ® y a ) 

\a\<n—l 

= v 3 E w*(h@ Y e «®y«)- 

\a\<n—l 

By continuity, this extends to all of H c . So VfW* = W*Vf for j = 1, . . . , d. □ 

We have (Vfyfi = E*h = C*h and (Vf)*h = C*h for each h G Wc, i-e., is covariant 
under Vf and Vj 3 . Thus Vf{U A © (T ® 2? B )) C 7^ (r ® Djg) and Vp(T ®D c )cr® £> c . 
Define Vf := ^/^©(r®^) :^e(r® V E ) H A © (r <g> and := Vjp| r «fl? : 
r®D c ^r®D c . In fact, Vf = Lj ® I Vc - Further note that Wh = h and W*h = h for each 
h S Tic- Define 

W* := W*\t«d c :T®V c ^H A ®{T®V e ). 

It can be seen that W, the adjoint of W*, is given by W\ Ha q(j~^x> e ) : Ha® (P®'D E ) -> TigiDc. 
Then it follows from Proposition 12.21 that 

WVf = VfW and VfW* = W*Vf for j = 1, . . . , d. 

3 Outgoing Cuntz Scattering System, Transfer Function and 
Characteristic Function of Lifting 

In order to define an outgoing Cuntz scattering system, we need the following: 

Definition 3.1. (1) Let T = (Tj, . . . ,Td) be a row isometry on a Hilbert space C. A sub- 
space M. of C is called wandering subspace with respect to T if 

T a M _!_ T^X for distinct a, /3 € A. 
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(2) A tuple T = (Ti, . . . , T^) on a Hilbert space C is called a row unitary if T is a row 
isometry and sparij =1 JTjC = C. 

(3) A tuple T = (Ti, . . . , T<j) on a Hilbert space £ is called row shift if T is a row isometry and 
there exits a wandering subspace M. of £ with respect to T such that £ = ® a& ]{T a M.. 

We omit the proofs of the Theorem 13.31 and Theorem [33] in this section because they follow 
using similar arguments as those in sections 4 and 5 of [1]. In Chapter 5 of [2] an outgoing 
Cuntz scattering system is defined as a collection 

(v = (v 1 ,...,v d ), c, g+, G) 

such that V is a row isometry on the Hilbert space C, and (?+ and Q are subspaces of C such 
that 

(a) Qt is the smallest V_— invariant subspace containing 

:= C sparij =1 d VjC; 
thus V^|g+ is a row shift and £/+ = © ag A V Q £"*. 

(b) Zb 

is a row shift; thus Q — © ae A where £ :— Q © sparij =1 ^ d VjQ '. 
Our goal is to find an outgoing Cuntz scattering system inside our model. Let as before E 
be a coisometric lifting of a row contraction C_ by A and V_ be the minimal isometric dilation 
of E of the form given by equation (|2.ip . First we show that tuples V_ = (V E , ■ ■ ■ ,V d E ) 
and V_ E = (V E , . . . , V E ) on Hilbert spaces "He and Ha © (T © T>e) are row unitary and 
row isometry respectively. Since V_ = (V^, . . . , V E ) is the minimal isometric dilation of 
E = {Ex, ... ,E d ), it follows that V^'s are isometries with orthogonal ranges. So V^'s are 
isometries with orthogonal ranges, because 

vf = v 3 e \h a ®{t®v e ) ■■U a ®{t® v e ) 4^e(r« v E ) for j = 1, . . . , d 

Thus ]/ B = (Vf, . . . , Vf) is a row isometry. Also Y?j=x Vf{Vf)* = I, i.e., vf = (Vf, . . . , Vf) 
is a row unitary. Define £* := VF*(e0 © Pc)- We claim that f* is a wandering subspace with 
respect to V_ E . It is enough to prove that 

W*(e 9 © V c ) 1 Wmj=x,...,dVf{U A ®{T®V E )), 

since s are isometries with orthogonal ranges. If y £ £ and ^ q gA e « © fa £ 

r®£>£, then 

( W*(e0®y),lf (/i a © J] 

e Q © r/a) ) 

aGA 

= ( UiUxie® © y),Ejh a © e © {D E )jK © ^ e i © e " © fa ) 

aGA 

= ( X {( D c)*yd) © e<) , #1 © e © (D E )jh a © ^ e i © e « © fa) ) 

i=1 aGA 
d d 

= ( X [{ D c)*y<b © X (i E i E J h a + { D E)*{D E )jK) © © X e i © e Q © r/ Q } 

i=l i=l ae A 

= ( X (( jD ^)if0 ® £ ») > © e i © X e J © e <* © fa ) = °' 
i=1 aGA 
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for j = 1, ... , d. The last equality holds because (Dc)*yt$ G He for i = 1, . . . , d and h a G Ha- 
So our claim is established. 

Our next aim is to prove that 

£* = (H A © (T ® £>e)) 8pm j=1 ^Vf [Ha © (T ® . 
The proof of the above claim shows that 

^ = r(e,^ c ) c (^ffi(r»%)) espi J=lr .. id ^(^e(r®%)). (3.1) 

To show the reverse inclusion, let 



x 



g (h a e(r® v E )) e spm j=1 ^ d vf (h a © (r ® 



We can write i = u9« where u G W*(e0 <g> £>c) and « G ('Ha © (r <g> £>e)) © VF*(e (gi V c ). It 
follows from equation (|3,ip that 



ug (^A©(roP E )) espanj=i,...,dVf (h a ®(t®v e )). 
Thenv = x-ue (H A ®(T®V E )) Q spm, j=l ^ d V^ (H A © (T ® X>jg)), i.e., 

« JL Warij=i,...,dVF (H A © (T ® ( = span j=1 ^ d V E (H A © (T ® X>js))). (3.2) 
Since v ±H C = W*H C and u 1 I^*(e £> c ) = t?*(e <g> we conclude that 

v 1 spm j=l) _ >d VfHc- (3.3) 

By equations (j3.2j) and (j3.3j) . we see that v _L spanj = i td V E H E . We get v _L He, since 

V_ = (V E , . . . , V E ) is a row unitary. Thus v = 0, and therefore a; = it G VF*(e0 <8> Pa)- This 
proves the reverse inclusion. Define Q := T <g) Since |g = Lj ® it follows that 
= (Vj^lg, . . . , V^|g) is a row isometry, and (g> P# is a wandering subspace of Q with 
respect to V_ E \g such that 

G = (BV*(e ®V E ). 

Thus = (Vf\g, V d E \g) is a row shift. 

We summarize the preceding discussion in the following: 

Theorem 3.2. A collection 

(V E = (V E , . . . , Vf ), Ha © (T ® = £*, S = ^) 

is an outgoing Cuntz scattering system where £* = W*(e<D <S> T>c) and £ = e <g> 
Take the input space as V E and the output space as If 

C := Y,( D c)jPn c E* :H E ^V C and £> := Y J ( D c)jPuo(D E )* :V E ^Vc 
3=1 3=1 

where P% c is the orthogonal projection of on to He, then we define a colligation of 
operators [2 J as follows: 
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c 



u,u ■' 



(El (D E )t\ 

E* d (D E y d 

\C D J 



:U E ®V E ^ ®Ue®V C . 



Consider the following A-linear system Yluu or non - commu tative Fornasini-Marchesini system 
in (cf. [T]) associated to the colligation C u ^ r : 

x U a ) = E*x(a) + (D E )*u(a) and y(a) = Cx{a) + Du(a) 

where j = 1, . . . ,d and a, ja are words in A, and 

x:A^V. E , u:A^V E , y : A -> V c . 

Let z = (z\, . . . , Zd) be a d-tuple of formal non-commuting indeterminates. Define Fourier 
transforms of x, u and y as 



z , u[z) 



u(a)z a , y(z) = ^ y(a)z a 



cjGA 



respectively where z a = z an . . . z ai for a = a n . . . ot\ £ A. If we assume that x{ 
z-variables commute with the coefficients, then we get the input-output relation 

y( z ) = ©e/.&O)^) 

where r/ f, as a formal non-commutative power series is given by the following: 



and 



QgA 



/3gA 
j=l,...,d 



Here /3 = f3\ . . . (5 n is the reverse of j3 = /3 n . . . f3\ and ©^ are operators from V E to T>c- 
We refer 0^ ^ as transfer function associated to the unitaries U and U . For a Hilbert space 
V, a non-commutative analogue of Hardy space is the space £ 2 (A,V) of formal power series 
d( z ) = J2 a eK9 azC * w fib WdWp = S Q gA \\9a\\ 2 < 00 where g a G V. The following theorem shows 
that the formal non-commutative power series ©^j/ turns out to be a contractive operator 
between Hilbert spaces. 

Theorem 3.3. The map Mq v - : £ 2 (A,T> E ) -> ^ 2 (A,D C ) de/med &y 



Af e := 6„ft(«)«(z) 



is a contraction 



Mq v ^ intertwines with right translation i.e., 



Me & (£ = Me^- u(a)z«); 
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for i = 1, . . . ,d. Thus MQ uty is a multi- analytic operator (cf. [9]). Since Mq v ^ is a contractive 
operator, the transfer function Qjjfy G Sncdi^E, T^c) (non-commutative al- variable Schur class, 
cf. section 2.4 of [2]) where 

Snc,d{V E ,V c ) := {T(z) = ^ T *z a ■ M T : £ 2 (A,V E ) -> f(A,V c ) satisfies ||M T || < 1}. 

a€A 

Next we show that the transfer function coincides with the characteristic function of lifting 
g]. Define unitaries # c ■ ^ 2 (A, V c ) T <g> P c and 
* £ : 4e|0P E by 

^c(^2/a^ Q ) = ^e„®7/ a and f e^z 1 ) = e 9 ® i) 

aeA aeA 

respectively where y a G Pc" an d i] £ T>e- We observe that C vanishes on He by the following 
argument. For h G He we have 

d d d 

Ch = J2(Dc)jPHaEfh = J2( D c)jPn c C*h = Y,(Dc)jCfh = D c C*h. 
j=i j=i j=i 

Since C_ is a coisometric tuple, the operator Dq is the orthogonal projection. So we have 

Ch = D c C*h = (I- C*C)C*h = (C* - C*C C*)h = (C* - C*)h = 0. (3.4) 

The second last equality follows by C is a coisometric tuple. Further, for h a G Ha 

d d 

Ch a = Ys( D c)jPh c E*K = Y,(Dc)jPn c (B*h a A*h a ) 

j=l 3=1 
d 

= ^2( D c)i B *j h a = DcB*h a = B*h a . (3.5) 
i=i 

The last equality holds because Dc is the orthogonal projection and Range B_* C T>c- Define 
D*,A '■= {I — A A *) 2 : Ha — > Ha and 2\a := Range D^a- Since E_ is a coisometric lifting 
of C_, it follows from Theorem 2.1 of [3] that there exist an isometry 7 : X>* a — > T>c with 
"fD^^Aha = B_*h a for each /i a £ %a- By equation (|3.5p . we have 

C7i a = jD* : Ah a for each /i a G %a- (3.6) 

We recall the following expansion of the symbol of the characteristic function Mq\e '■ 
r ® -> r <g> V c of lifting £ of C from [3J: For he He 

®c,E{ D Ehh = e ® - ^D %A Bih] - e a ® ~fD* A {A a )* B { h, (3.7) 

[«|>l 

and for /i G 'Ha 

®c,E{D E )ih = -e ® ^D^A^h + 2 e,- ® e Q ® 7D* ) a(A*)*(<V - (3.8) 

j=l,...,d ag A 

where i = 1, . . . , d. 
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Theorem 3.4. The transfer function Qjjfj and the characteristic function &c,E °- T ^ related 
by the formula 

■%C%fi{z) = Oc,E^E- 

In other words, the transfer function Qjjfj coincides with the characteristic function ®c,E- 
Proof. Let h € He- For i = 1, . . . , d 

^ c % fi ({D E )ihz®) = ^ c [Dz % + £ CiE^nDE^z^dDE)^) 

/3eA,j=l,...,d 

= * c [D(D E )ih z 9 + Yl C(E y(DE)*(D E )ih z^\. (3.9) 
peA,j=l,...,d 

Case 1. For h € He and i = 1, . . . , d 

d d 
D(D E )ih = Y,( D c)jPHc(DE)*(D E )ih = YtPc)jPncW ~ E*Ei)h 

3=1 3=1 
d 

= (D c )ih - ( ^2(D c )jPn c E j ) E i h = (D c )ih - CE t h 

3=1 

= {D c )ih-C{C i h®B i h) = {D c ) % h-CB i h. (3.10) 
The last equality follows by equation (|3.4p . The second part of equation (|3.9p simplifies to 

Y C(E B )*{D E )*(D E )ihz^ = Y CiEpYiSijl-ElEfihzPi 
peA,j=i,...,d peA,j=i,...,d 

= YjC( E p)* h z&{ - Yj C(E )*E*Eih Z P j . 
peA peA,j=i,...,d 



By equation (j3.4j) it follows that 

Y C(E r(D E )*(D E )ih zP* = - Y CiE^E^hz^ 
peA,j=l,...,d peA,j=l,...,d 

= - Y C( E f>y (( C 3 Ci + B *3 B i) h ® A *3 B * h ) ^ 

peA,j=l,-,d 

= - Y C(Ap)*A*Bih z l3j 
peA,j=i,...,d 

= - Y C(Aa)*Bih z a . (3.11) 

|a|>l 

The equality which is second from below in the above equation array follows by equation (|3.4[) . 
By equations (|3.9|) . (|3.1U|) . and (|3.1ip . we have for i = 1, . . . , d and h £ He 

^c®u^ D E)ihz % ) = *c[(Dc)ih-CBih) z 9 -YC(AarBihz a } 

\a\>l 

= e ® (ip c )ih - CBih) - Y e « ® C(Aa)*Bih 

\a\>l 

= e$ <g> \{D c )ih - iD* tA Bih] - Y e « ® J D *,A( A a)* Bih. 
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By equation (|3.7p we obtain 

y c ® ufi (( D E)ihz®) = &c,E(e®®( D E)ih) 

= ®c,E^E({D E )ihz®). (3.12) 

Case 2. For h £ Ha and i = 1, . . . , d 

d d 

D(D E )ih = Y J ( D c)jPn c (D E r j (D E )ih = Yfp c )jPHcW ~ E*Ei)h 

3=1 3=1 
d 

= (D c )iP iL h-{Y,D j P Hc E*)E i h = -CA i h. (3.13) 

3=1 

Consider again the second part of equation (|3.9|) . 

M 

0eA,j=l,...,d /3eA,j=i,...,d 



Y C(Ep)*(D E )*(D E )ih = ]T CiE^YiSijl-E^E^hz 



Y CiA-^iSijl-A^hz^. (3.14) 

P£A,j=l,...,d 

The last equality follows from equation (|3.4p . By equations (|3.9p . (|3.13p . and (|3.14p . we have 
for i = 1, . . . , d and h G Ha 

■fcQ^udDE^hz 9 ) = * c [-CAih z® + Y CiApfiSijl-A^hz^} 

0eA,j=l,...,d 

= -e d ®CAih+ Y e j ®e- p ®C{A- p )*(5 ij I - A*Ai)h) 

/3gA,j=l,...,d 

= -e <g> jD^ A Aih + Y e j ®ep®-iD^ A {Ap)*(8 ij I - A*Ai)h. 

/3&A,j=l,...,d 



Equation (|3.8p yields 

VcQ Ut u((D E )ihz 9 ) = e c ,E(e®®(D E )ih 

= Qc,E^>E{{D E )ihz % ). (3.15) 



We infer from equations f)3. 12|) and f)3. 15j) that 

□ 

We extend the unitary fy E to a unitary (also denoted by ^ E ) from Ha ©£ 2 (A,De) on to 

^e(r® V E ) by 

^E(h a © Y Va^) = {K®Y e& ® 

aeA QgA 

where /i a G Ha and r/ Q e Using the unitaries ^c, ^.E, and the coisometry W of section 2 
we define by the following commutative diagram: 
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H A (B(r ®v E )- — -r®p c (3.16) 
H A ®e(k,v E f-^P{K,v c ), 

i.e., = ^£ l W^! e- Similar to Theorem 5.1 of [1] we have 
Theorem 3.5. The operator satisfies the relation 

®w\p { A,v E ) = M ®u,u- 

Observe that we also obtain 

W \e 9 ®T> E = &C,E- 

Acknowledgement: The author is thankful to Santanu Dey for many helpful discussions. 
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